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Abstract
We investigate the theory of the bosonic-fermionic noncommutativity, [xµ, θα] = iλµα,
and the Wess-Zumino model deformed by the noncommutativity. Such noncommutativity
links well-known space-time noncommutativity to superspace non-anticommutativity. The
deformation has the nilpotency. We can explicitly evaluate noncommutative effect in
terms of new interactions between component fields. The interaction terms that have
Grassmann couplings are induced. The noncommutativity does completely break full
N = 1 supersymmetry to N = 0 theory in Minkowski signature. Similar to the space-
time noncommutativity, this theory has higher derivative terms and becomes non-local
theory. However this non-locality is milder than the space-time noncommutative field
theory. Due to the nilpotent feature of the coupling constants, we find that there are only
finite number of Feynman diagrams that give noncommutative corrections at each loop
order.
∗E-mail : yosh@phys.metro-u.ac.jp
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1 Introduction
The noncommutative field theory was originally suggested by Snyder [2] from the view point
of regularizing ultraviolet (UV) divergence of ordinary quantum field theory (QFT). In recent
years, quantum field theories on noncommutative (NC) space-time have been studied, since the
relation to string theory was discovered [1].
In the string framework, noncommutativity among space-time coordinates
[xµ, xν ] = iθµν (1)
is realized on the D-brane world volume when there exists NS-NS B-field backgrounds [1]. This
noncommutativity can be represented by Moyal-Weyl star product ⋆ = exp[ i
2
θµν
←−
∂ µ
−→
∂ ν ] which
is used to construct NC QFT on ordinary (commutative) space. NC QFT essentially contains
infinite number of differential operators, therefore, becomes non-local theory . The quantization
of the NC field theory in terms of higher derivative theory was studied in the literature [6].
Many interesting feature in this field has been investigated : UV/IR mixing, noncommutative
instanton and relation to string and matrix theory, for example.
On the other hand, supersymmetric extension of ordinary field theories is itself very im-
portant for many reasons. Usually, supersymmery (SUSY) makes a theory very tractable and
sometimes completely solvable. Four-dimensional N = 1 SUSY theory is the most efficiently
formulated by use of the superspace zM = (xm, θα, θ¯α˙) and superfields on it.
Recently, non(anti)commutativity of fermionic coordinates
{θα, θβ} = Cαβ (2)
in four-dimensional Euclidean N = 1 superspace was considered by turning on constant
Ramond-Ramond five-form field strength F αβ in Calabi-Yau compactification with wrapped
D-brane [3, 4, 5]. Corresponding to this non(anti)commutativity, Seiberg considered Moyal-
Weyl star product among superfields
f(θ) ⋆ g(θ) = f(θ) exp
[
−C
α
2
←−
∂
∂θα
−→
∂
∂θβ
]
g(θ). (3)
This corresponds to Q-deformation (non supersymmetric deformation) of SUSY field theory
[9]. It breaks half of original SUSY and gives N = 1/2 SUSY in four-dimensional D-brane
world volume. This star product is nilpotent thanks to their Grassmann property and adds
finite number of terms to the ordinary Lagrangian. Because it has only fermionic differential,
the additional component terms do not contain any extra space-time derivative. This is the
difference between superspace non(anti)commutativity and space-time one. The latter case is
inevitably non-local. Many aspects of this non(anti)commutative (NAC) supersymmetric field
theory was studied [7].
In this paper, we propose another type of deformation such as bosonic-fermionic noncom-
mutativity
[xµ, θα] = iλµα. (4)
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This noncommutativity is the middle point of boson-boson (space-time) and fermion-fermion
(superspace) noncommutativity. The QFT on this space links usual space-time noncommuta-
tive QFT to NAC supersymmetric theory. The Moyal-Weyl star product corresponding to this
noncommutativity is also nilpotent and gives finite number of corrections to ordinary supersym-
metric theories. Because of the space-time derivative in the star product the theory has higher
derivative terms and becomes non-local, but the effect is milder than usual NC field theory.
We find that this deformation breaks all of SUSY in Minkowski signature. A notable feature of
this theory is that new interaction has Grassmann coupling. Therefore, induced vertices have
nilpotent property in the perturbative calculus.
This paper is organized as follows. In section 2, we review the NAC N = 1/2 theory in
the framework of Seiberg’s work [3] which is prerequisite to understand our work. In section
3, we introduce our setup and give explicit form of the Moyal-Weyl product. In section 4, we
show that noncommutative deformation of the Wess-Zumino Lagrangian gives finite number
of additional terms, only up to fourth order differential. In section 5, we discuss the quantum
aspects of this deformed Wess-Zumino model. In section 6, we discuss the geometric origin of
this noncommutativity, section 7 is devoted to the discussion.
2 Non(anti)commutative N = 1/2 supersymmetric the-
ory
In [3], Seiberg considered N = 1/2 supersymmetric theory based on the non(anti)commutative
setup
{θα, θβ} = Cαβ , {θ¯α˙, θ¯β˙} = 0. (5)
This setup is possible in the Euclidean space-time. In that case θ and θ¯ are independent vari-
ables. Corresponding to this relation, we use Moyal-Weyl star product (3) among superfields.
In [3] he considered a simple situation such that chiral coordinates yµ = xµ + iθασµαα˙θ¯
α˙ do
commute with all of coordinates, i.e.
[yµ, yν] = [yµ, θα] = [yµ, θ¯α˙] = 0. (6)
Though these relations imply space-time noncommutativity [xµ, xν ] 6= 0. This is because origi-
nal world sheet coordinates xµ are affected by the graviphoton background field (vertex oper-
ator), while chiral coordinates yµ is free from introduced graviphoton background.
In the chiral base, the Moyal-Weyl star product (3) can be written by supercharge Qα,
namely
⋆ = exp
[
−C
αβ
2
←−
Qα
−→
Qβ
]
. (7)
This star product gives non-supersymmetric deformation and N =1 SUSY is broken to N =
1/2 due to the relation {Qα, Qβ˙} 6= 0. On the other hand, by the help of the properties
{Dα, Qβ} = {Dα˙, Qβ} = {Dα, Qβ˙} = {Dα˙, Qβ˙} = 0, we can easily construct the deformed
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version of supersymmetric model preserving chirality. From these facts, Seiberg showed the
non(anti)commutative effect gives only one induced interaction term to the original Wess-
Zumino Lagrangian;
L =
∫
d4 θΦ ⋆ Φ+
∫
d2θ
(
1
2
mΦ ⋆ Φ +
1
3
gΦ ⋆ Φ ⋆ Φ
)
+
∫
d2θ¯
(
1
2
m¯Φ ⋆ Φ+
1
3
g¯Φ ⋆ Φ ⋆ Φ
)
= L(C = 0)− 1
3
g detCF 3 + (total derivative). (8)
This apparently preserves Q SUSY but does not Q. We need to consider only the deformation
part to grasp the physical meanings of this non(anti)commutative N = 1/2 supersymmetric
theory.
The N = 1/2 supersymmetric Yang-Mills theory can also be constructed in the same
manner, i.e. by replacing each product with the star product,
Wα = −1
4
DDe−VDαe
V
∣∣∣∣
⋆
,
W α˙ =
1
4
DDeVDα˙e
−V
∣∣∣∣
⋆
. (9)
The gauge transformation is also achieved by the star product and Seiberg found the field
redefinition that allows component fields to transform in the canonical way. The deformed
Lagrangian of the gauge fields in the modified Wess-Zumino gauge is∫
d2θ TrW ⋆W =
∫
d2θ TrWW − iCµνTrFµν λ¯λ¯+ |C|
2
4
Tr(λ¯λ¯)2,∫
d2θ¯ TrW ⋆W =
∫
d2θ¯ TrWW − iCµνTrFµν λ¯λ¯+ |C|
2
4
Tr(λ¯λ¯)2 + (total derivative).
3 Bosonic-Fermionic noncommutativity
In this section, we consider mixed noncommutativity between bosonic and fermionic coordinates
in the N = 1 superspace,
[xµ, θα] = iλµα. (10)
Note that the way of noncommutative deformation of the Lagrangian depends on which signa-
ture we choose, namely, Minkowski or Euclidean. Because in the Euclidean space we can choose
θ and θ¯ independently but in the Minkowski space they are related with each other by Hermitian
conjugate. When we are in the Minkowski space the relation (10) induces [xµ, θ¯α˙] = iλ¯µα˙ by Her-
mite conjugation. On the other hand, the Euclidean deformation can keep “conjugation” piece
commutative in spite of noncommutative relation (10) 1. Notice that this deformation breaks
R-symmetry explicitly but gives consistent non(anti)commutative geometry in the Minkowski
space compatible with supertranslations [12].
1The Minkowski formulations of NAC superspace can be found in [10, 11].
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In the Minkowski situation we should carefully formulate the deformation of the theory. We
require that chiral coordinates yµ = xµ + iθασµ
αβ˙
θ¯β˙ to be commutative; [yµ, yν] = [yµ, θ¯α˙] = 0,
other fermionic coordinates hold Grassmann property {θα, θβ} = {θα, θ¯β˙} = {θ¯β˙, θ¯β˙} = 0. The
corresponding Moyal-Weyl star product is written as
f(y, θ) ⋆ g(y, θ) = f(y, θ) exp
[
i
2
λµα
( ←−
∂
∂yµ
−→
∂
∂θα
−
←−
∂
∂θα
−→
∂
∂yµ
)]
g(y, θ). (11)
Our notation and convention are standard [17] and the other useful formulae are available in
appendix. We adopt non-Hermitian star product, i.e. (⋆)† = ⋆¯ 6= ⋆. The ⋆¯ is formal Hermite
conjugate of ⋆ product
⋆¯ = exp
[
i
2
λ¯µα˙
( ←−
∂
∂y¯µ
−→
∂
∂θ¯α˙
−
←−
∂
∂θ¯α˙
−→
∂
∂y¯µ
)]
, (12)
and has property (f(y, θ) ⋆ g(y, θ))† = g¯(y¯, θ¯)⋆¯f¯(y¯, θ¯) [9][10]. We should stress that, the star
product ⋆ breaks Q¯-SUSY but preserves Q-SUSY while the conjugate star product ⋆¯ breaks
Q-SUSY but preserves Q¯-SUSY.
Alternative suggestion was proposed. In [11] they used Hermitian star product ∗ = ∗†. But
their star product is not associative and needs some reordering of the fields. Here, we require
associativity of product. This formulation is natural since non-associative deformation may be
related to the curved background setup [13] and in that case the effective world volume theory
is described by the Kontsevich type deformation [14].
Explicit expansion of our star product is
⋆ = exp
[
i
2
λµα
( ←−
∂
∂yµ
−→
∂
∂θα
−
←−
∂
∂θα
−→
∂
∂yµ
)]
= 1 +
i
2
λµα
( ←−
∂
∂yµ
−→
∂
∂θα
−
←−
∂
∂θα
−→
∂
∂yµ
)
+
1
8
λµαλνβ
( ←−
∂
∂yµν
−→
∂
∂θαβ
+ 2
←−
∂
∂yµ∂θβ
−→
∂
∂θα∂yν
+
←−
∂
∂θαβ
−→
∂
∂yνµ
)
+
i
16
λµαλνβλργ
( ←−
∂
∂yρ∂θαβ
−→
∂
∂θγ∂yνµ
−
←−
∂
∂yµρ∂θβ
−→
∂
∂θγα∂yν
)
+
1
64
λµαλνβλργλσδ
←−
∂
∂yµρ∂θβδ
−→
∂
∂θγα∂yσν
. (13)
Here we denote second derivatives as
−→
∂ 2
∂yµ∂yν
≡ −→∂
∂yµν
and
−→
∂2
∂θα∂θβ
≡ −→∂
∂θαβ
. From this we see the
relation
[yµ, θα]⋆ = iλ
µα, [yµ, θ¯α˙]⋆ = 0, [y¯
µ, θα]⋆ = iλ
µα,
[yµ, yν]⋆ = 0, [y¯
µ, θ¯α˙]⋆ = 0, (14)
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and
[yµ, y¯ν ]⋆ = 2λ
µα(σν)αβ˙ θ¯
β˙ ,
[xµ, xν ]⋆ = λ
µα(σν)αβ˙ θ¯
β˙ − λνα(σµ)αβ˙ θ¯β˙. (15)
The Hermitian conjugate of these relations leads to consistent results — for example [y¯µ, θ¯α˙]⋆¯ =
iλ¯µα˙.
Contrary to the Minkowski case, in our case we need only one star product ⋆ to formulate
the deformation theory in the Euclidean case because we don’t require the Hermite Lagrangian.
4 Wess-Zumino model on the noncommutative super-
space
We can treat the chiral superfields appropriately, because our star product is the Q-deformation
which preserves chirality, i.e. the products of chiral superfields are again chiral superfields. The
chiral superfield Φ is defined by the ordinary condition Dα˙Φ = 0 and the aiti-chiral superfield
Φ is DαΦ = 0. The general solution of this constraint for the chiral superfield is the function
of ym and θ,
Φ(y, θ) = A(y) +
√
2θαψα(y) + θ
2F (y). (16)
One may consider that equation (16) should be expanded by using the star product. But in our
case the star product doesn’t introduce θ¯ so we can redefine the component fields after explicit
use of equation (13). The anti-chiral superfield expansion is Hermitian conjugate of the chiral
superfield expansion (16) in the Minkowski space.
4.1 Lagrangian in the Euclidean space
In the Euclidean space, we can consider the noncommutative relation only in the chiral sector
[yµ, θα] = iλµα,
[y¯µ, θ¯α˙] = 0. (17)
The Wess-Zumino action which is deformed on this noncommutative superspace is
L =
∫
d4θ Φ ⋆ Φ +
∫
d2θ
(m
2
Φ ⋆ Φ +
g
3
Φ ⋆ Φ ⋆ Φ
)
+
∫
d2θ¯
(m¯
2
Φ ⋆ Φ +
g¯
3
Φ ⋆ Φ ⋆ Φ
)
(18)
After expanding the Moyal-Weyl products and doing partial integrations, we find the component
action of the deformed theory;
S =
∫
d4xL0 + i√
2
λµαψα(∂µ✷A¯) +
1√
2
λµαF (σν)αα˙(∂µ∂νψ¯
α˙)− 1
2
λµνF (∂µ∂ν✷A¯)
+
g
2
λµαλνβF (∂µψβ)(∂νψα) + gλ
µνF (∂µF )(∂νA) +
g
3
λµνρσF (∂µ∂νF )(∂ρ∂σF )
+
g¯
3
λµν
[−(∂µA¯)(∂νA¯)(✷A¯) + (∂ρA¯)(∂ρA¯)(∂µ∂νA¯)] . (19)
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Here L0 is the undeformed (original) Wess-Zumino Lagrangian. Because of the spacetime-
superspace-mixed noncommutativity, the higher derivative terms are induced. In this Euclidean
setup the deformation breaks Hermicity. In the next section we will show that Hermite defor-
mation can be obtained in the Minkowski space.
4.2 Lagrangian in the Minkowski space
Noncommutative deformed Minkowski Wess-Zumino model is also obtained by replacing the
ordinary products with the Moyal-Weyl star products. But in this case we should be careful
because we want to keep the theory Hermite.
The deformation of the interaction parts is straightforward. We can simply replace ordinary
product with star
m
2
ΦΦ +
g
3
ΦΦΦ + (h.c.) −→ m
2
Φ ⋆ Φ +
g
3
Φ ⋆ Φ ⋆ Φ+ (h.c.). (20)
Here (h.c.) in the RHS represents Hermitian conjugated parts, namely, m¯
2
Φ⋆¯Φ+ g¯
3
Φ⋆¯Φ⋆¯Φ.
The kinetic term is little bit different. Since such term contains both chiral and anti-
chiral superfield. We simply choose the kinetic term as 1
2
Φ ⋆ Φ + 1
2
Φ⋆¯Φ. Due to the property(
Φ ⋆ Φ
)†
= Φ⋆¯Φ, the kinetic term is Hermite 2. The resulting deformed Wess-Zumino action is
L = 1
2
∫
d4θ Φ ⋆ Φ+
1
2
∫
d4θ Φ⋆¯Φ
+
∫
d2θ
(m
2
Φ ⋆ Φ +
g
3
Φ ⋆ Φ ⋆ Φ
)
+
∫
d2θ¯
(m¯
2
Φ⋆¯Φ+
g¯
3
Φ⋆¯Φ⋆¯Φ
)
. (21)
The explicit calculation of the star product and the Grassmann integration show the component
Lagrangian of the deformed Wess-Zumino model;
S =
∫
d4x L0 + g
3
∫
d4x
[
λµαλνβ
(
ψα(∂µψβ)(∂νF ) +
1
2
F (∂µψβ)(∂νψα)
)
+λµν
(
Fψα(∂µ∂νψα)− AF (∂µ∂νF )−A(∂µF )(∂νF )− F 2(∂µ∂νA)
)
+λµνρσF (∂µ∂νF )(∂ρ∂σF )
]
+ [(h.c.)]. (22)
Here L0 is the undeformed original Wess-Zumino action in the Minkowski space;
L0 = A¯✷A + i∂µψ¯α˙(σ¯µ)α˙βψβ + F¯F
+
[
m(AF − 1
2
ψψ) + g(A2F − ψψA) + (h.c.)
]
. (23)
2But this is not necessary because free part of Lagrangian is not affected by noncommutativity in the integral
by general property of star product. Here, we define component expansion of anti-chiral superfield as formal
complex conjugate of chiral one.
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The generalized (including higher derivative terms) equation of motion [15] can be applied.
The equations of motion of the auxiliary fields are
F = −(m¯A¯ + g¯A¯2)
+g¯λ¯µνF¯ ∂µ∂νA¯− 1
2
g¯λ¯µα˙λ¯νβ˙(∂µψ¯β˙∂νψ¯α˙)
−1
3
g¯λ¯µνρσ
{
(∂µ∂νF¯ )(∂ρ∂σF¯ ) + 2∂µν(F¯ ∂ρσF¯ )
}
, . (24)
and Hermitian conjugate one.
Eq.(24) looks unusual because the auxiliary field F¯ couples to other components or even to
the derivatives of itself. But in fact eq.(24) can be solved for F and F¯ exactly as follows: Using
the conjugate equation of (24) to eliminate F¯ in eq.(24), one obtains the expression of F in
terms of other dynamical fields and F itself. After that, replacing F in the RHS of (24) with
the expression of the whole the RHS of F – like the successive approximation. This recursive
replacement is done iteratively but will stop thanks to the nilpotency of couplings λ, since every
F in the RHS appears with λ. In the end one get F written by other dynamical components
only. It is not difficult to see that no auxiliary fields become dynamical by the deformation, in
other words, new degrees of freedom on shell never appear.
Let us check the SUSY transformation of the action. The undeformed part is invariant
under the Q-supersymmetry transformation
δξA =
√
2ξψ,
δξψ =
√
2ξF,
δξF = 0. (25)
The λ-dependent parts Lλ in (22) is also invariant under the Q-supersymmetry transformation
3
g
δLλ =
√
2λµαλνβ
(
ξαF∂µψβ∂νF + ψα∂µξβF∂νF +
1
2
F∂µξβF∂νψα +
1
2
F∂µψβ∂νξαF
)
−
√
2λµν (−FξαF∂µ∂νψα − Fψα∂µ∂νξαF + ξαψαF∂µ∂νF
+ξαψα∂µF∂νF + F
2∂µ∂νξ
αψα
)
=
√
2λµαλνβψαξβ∂µF∂νF −
√
2λµνξαψα∂µF∂νF
= 0. (26)
We used the identity λµα∂µFλ
νβ∂νF = −εαβλµν∂µF∂νF . But Lλ is not invariant under the
Q¯-supersymmetry. The λ¯-dependent parts is invariant under the Q¯-supersymmetry but not
Q-supersymmetry. Then all of the supersymmetry is broken as a whole. We notice that there
is remaining symmetry
δξA =
√
2ξψ, δξ¯A¯ =
√
2ξ¯ψ¯,
δξψ =
√
2ξF, δξ¯ψ¯ =
√
2ξ¯F¯ ,
δξF = 0, δξ¯F¯ = 0. (27)
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5 Quantum property of the deformedWess-Zumino model
In this section, we consider quantum aspects of the deformed Wess-Zumino model in the
Minkowski space. As we mentioned in the previous section, N = 1 supersymmetry is com-
pletely broken to N = 0 in the Minkowski space. Therefore we use the component formalism
rather than the supergraph to study quantum effects. The component formalism of the Wess-
Zumino model was studied in the literature [16, 18].
The non-local terms which are induced by the deformation have at least one Grassmann
(even) coupling constant. These terms give the new vertices in the Feynman diagrams but their
additional contributions to the quantum effects are nilpotent.
Let us separate the Lagrangian into the two parts, namely, undeformed part L0 and the
induced part Lλ. To simplify the quantum calculation, we do partial integrations and dropping
total derivative terms. We get the λ(λ¯)-dependent interaction terms;
Lλ ≡ g
2
λµαλνβF (∂µψβ)(∂νψα) + gλ
µνF (∂µF )(∂νA) +
g
3
λµνρσF (∂µ∂νF )(∂ρ∂σF ) + (h.c.).(28)
We can write the generating functional following the standard procedure,
Z[J, η] = N exp
[
i
∫
d4x Lint (δ/iδJ(x), δ/δη(x))
] ∫
Dφ exp
[
i
∫
d4x (Lfree + Lsource)
]
.(29)
Here N is normalization constant, Lfree and Lint are free and interaction part of the Lagrangian
respectively:
Lint =
[
g(A2F − ψψA)
+
g
2
λµαλνβF∂µψβ∂νψα + gλ
µνF∂µF∂νA+
g
3
λµνρσF∂µ∂νF∂ρ∂σF
]
+ [(h.c.)] . (30)
Lsource is the source terms
Lsource = JAA+ J¯A¯A¯+ JFF + J¯F¯ F¯ + η¯αψα + ηα˙ψ¯α˙. (31)
Changing the variables of path integral and using some technical identities we find
Z[J, η] = N ′ exp
[
i
∫
d4xLint (δ/iδJ(x), δ/δη(x))
]
exp
[
−iJ¯A¯ ·∆FJA + im¯JF ·∆FJA + imJ¯A¯ ·∆FJ¯F¯
−iJF ·✷∆FJ¯F¯ −
i
2
mηα˙ ·∆Fηα˙ − i
2
m¯η¯α ·∆Fη¯α + η¯α · ∂µ∆F(σµ)αα˙ηα˙
]
, (32)
dot stands for space-time integration. ∆F is an ordinary inverse operator
∆F =
1
✷− |m|2 . (33)
It should be emphasized that only finite number of additional vertices appear in the diagrams
because of the nilpotency. This fact enables one to get the exact expansion of the exponential of
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Lλ. The finite number of the corrections to the diagrams at each order of perturbation appear.
To see this explicitly we expand the exponential of Lλ part,
Z[J, η] = N ′ exp
[
i
∫
d4xLλ=0int (δ/δJ, δ/δη)
] [
1 +
∫
d4x Lλint (δ/δJ, δ/δη) + (terms up to O(λ8, λ¯8))
]
× exp
[
− iJ¯A¯ ·∆FJA + im¯JF ·∆FJA + imJ¯A¯ ·∆FJ¯F¯
−iJF ·✷∆FJ¯F¯ −
i
2
mηα˙ ·∆Fηα˙ − i
2
m¯η¯α ·∆Fη¯α + η¯α · ∂µ∆F(σµ)αα˙ηα˙
]
. (34)
We consider the vacuum energy to grasp some quantum properties of this model. One loop
order contributions vanish due to their original N = 1 supersymmetry. This fact agrees with
the planar and non-planar superfield calculation3. The first non-trivial contributions come from
two-loop order. Now, for simplicity, we are going to consider only the O(λ2, g2) terms. There
are eight additional Feynman diagrams [fig.1]. Explicit calculation shows that all contributions
Figure 1: Additional contribution to two loop vacuum diagram at O(λ2)
cancel out exactly at least at this order, like in the N = 1/2 case [8] in spite of the completely
broken SUSY nature of this model. Contrary to the N = 1/2 model, we have no mechanism
which guarantee such cancellations. This is very suggestive fact. The divergence structure of
this model may be milder than the usual non-SUSY models.
3There is only planar contribution to the vacuum diagram at one-loop order. This gives exactly zero contri-
bution because of N = 1 SUSY property of the original Wess-Zumino model.
9
We stress that the nilpotent property of additional Feynman diagrams help us to investigate
the detail structures of higher order quantum effects. For example, when we focus on only λ
sector (not λ¯), and consider the contributions from λµνρσF (∂µ∂νF )(∂ρ∂σF ) term, the diagrams
which contain at least one λµνρσ vertex are depicted in [fig.2]. The shaded regions are λ = 0
contributions to the diagrams which are already known from the N = 1 Wess-Zumino model.
We need to evaluate only finite number (seven in this case) of the diagrams to study the
Figure 2: F cubic contribution to the diagram. Diagram (I) is O(λ4), (II) is O(λ6) and (III) is
O(λ8) contributions.
deformation effect.
6 Geometric origin
It is well known that NS-NS Kalb-Ramond field Bµν induces the space-time noncommutativ-
ity on the open string endpoint, i.e. on the D-brane world volume. Recently, Ooguri and
Vafa showed that when we consider the superstring in the presence of the graviphoton (R-
R) background with the compactified six dimensional Calabi-Yau manifold, we can realize
four-dimensional N = 1/2 NAC superspace on the string world sheet boundary [4]. More
clear derivation can be seen in [3]. On the other hand, in [19] they showed the generalized
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non(anti)commutativities among supercoordinates in the ten dimension by considering the su-
perstring in the constant supergravity backgrounds. They realized the bosonic-fermionic non-
commutativity [xµ, θα] = iλµα on the open string endpoint by turning on the constant gravitino
background ψµα.
The backgrounds have to be consistent with the supergravity equations of motion. Consider
the type IIB supergravity action. For simplicity we keep the R-R field strength, dilaton φ and
dilatino ψ to be zero. We take here the constant NS-NS B-field and constant gravitino. The
Einstein equation for IIB supergravity is
Rµν − 1
2
gµνR = T µνgravitino. (35)
Here H = dB is zero for the constant B-field and gives no gravitational back-reaction. Taking
flat limit in both sides in the Einstein equation gives the consistent zero limit because the stress
tensor of the constant spin 3/2 Rarita-Schwinger field on the flat space vanishes4. Then the
constant gravitino allows flat metric, so we can consider appropriate setup for the quantized
superstring.
The OPE between x and θ shows
[xµ, xν ] = 2πiα′
(
1
g + 2πα′B
)µν
A
,
[xµ, θα] = −i(2πα′)2
(
1
g + 2πα′B
)µν
A
ψαν ,
{θα, θβ} = i(2πα′)3ψαµ
(
1
g + 2πα′B
)µν
A
ψβν .
(36)
Here we suppose the boundary condition θα = θ˜α and ψαm = ψ˜
α
m. Next we take zero-slope limit
α′ → 0 to decouple massive mode and obtain the effective field theory. It is not possible that
only x-θ commutator have non-zero value by the scaling itself. Note that we have to consider
the special configurations of the fields to cancel the gravitino by the NS-NS sector in the θ-θ
anti-commutator. At the same time to keep the x-x commutator zero, we need to scale the
fields carefully. Our scaling is α′ → 0 with (g + 2πα′B)−1A = constant and ψ ∼ α′−2. Then we
can realize the appropriate condition for our purpose on the D3-brane world volume. But to
reduce the supersymmetry needs further investigation.
7 Discussion
In this paper, we studied bosonic-fermionic noncommutative superspace and the field theory on
it. There are two possibilities to deform the theory, namely, Euclidean or Minkowski. In case
of the theory in Minkowski signature, we have to adopt non-Hermitian Moyal star product to
4But this result is acceptable up to quadratic order of ψµ
α
because no complete actions of the IIB supergravity
are found.
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keep the associativity, and the resulting higher derivative structure of space-time gives non-local
nature in the theory. Our deformation is non-local in space-time as in the bosonic (space-time)
noncommutative field theory, and the deformation is nilpotent and additional terms to the
ordinary Lagrangian have Grassmann coupling constant. Due to this nilpotency, there are
only finite number of additional Feynman diagrams at each loop order, and we found that
the vacuum energy vanishes at the two loop O(λ2) in spite of the violation of SUSY. This
unexpected result tempt us to think quantum effect is more controllable than in N = 0 theory,
though further investigations are required.
The fact that we have to introduce two types of star products ⋆ and ⋆¯ in the Lagrangian
in case of Minkowski signature gives technical difficulties to construct the gauge theories. We
have to extract Hermitian sector from the gauge kinetic term and gauge transformation. On
the other hand in case of the Euclidean signature, we may use only one star product by virtue
of the relation [yµ, θα] = iλµα with [y¯µ, θ¯α˙] = 0. This case is more closely related to the
Seiberg’s Euclidean N = 1/2 theory5. In this case, it is easy to construct gauge theory on the
[yµ, θα] = iλµα space because there are only one deformation of product ⋆ which has to be used
to define noncommutative gauge transformation.
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A Notation
We follow the standard notation and convention [17] in both Euclidean and Minkowski space.
The fermionic differentiations are
−→
∂
∂θα
θβ = δβα, θ
β
←−
∂
∂θα
= −δβα,
−→
∂
∂θα
θ2 = 2θα, θ
2
←−
∂
∂θα
= 2θα,
−→
∂
∂θαβ
θ2 = 2εβα, θ
2
←−
∂
∂θαβ
= −2εαβ, (37)
and the deformation parameters are defined as follows;
λµν ≡ 1
2
λµαλνα, λ¯
µν ≡ (λµ)† = −1
2
λ¯µα˙λ¯νβ˙εα˙β˙,
λµνρσ ≡ 1
4
λµνλρσ =
1
16
λµαλναλ
ρβλσβ, λ¯
µνρσ ≡ (λµνρσ)† = 1
4
λ¯µνλ¯ρσ, (38)
here bar denotes formal complex conjugate (λµα) = λ¯µα˙.
5Actually, this deformation breaks half of SUSY.
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B Properties of the Moyal-Weyl star product
The Fourier transformation of chiral superfield f(y, θ) is
f˜(k, π) =
∫
d4y√
(2π)4
∫
2d2θ eik
µyµ+iπαθαf(y, θ), (39)
f(y, θ) =
∫
d4k√
(2π)4
∫
2d2π e−ik
µyµ−iπ
αθα f˜(k, π). (40)
In our convention, ∫
d2π eiπ
α(θ−θ′)α
=
∫
d2π
(
1 + iπα(θ − θ)α + 1
4
π2(θ − θ′)2
)
=
1
4
δ(2)(θ − θ′). (41)
The product of superfields on the noncommutative superspace [yˆµ, θˆα] = iλµα is
fˆ(yˆ, θˆ)gˆ(yˆ, θˆ) =
∫
d4y1√
(2π)4
∫
d4y2√
(2π)4
∫
2d2π1
∫
2d2π2e
−ik
µ
1
yˆµ−iπ
α
1
θˆαe−ik
µ
2
yˆµ−iπ
α
2
θˆα f˜(k1, π1)g˜(k2, π2).(42)
We can use the BCH formula to combine the exponential sector,
e−i(k1+k2)
µyˆµ−i(π1+π2)α θˆα+i∆, (43)
here the factor i∆ is
i∆ =
i
2
λµα (k
µ
1π
α
2 − πα1 kµ2 ) . (44)
We then define the noncommutative star product between ordinary chiral superfields
f(y, θ) ⋆ g(y, θ) ≡
∫
d4k1√
(2π)4
∫
d4k2√
(2π)4
∫
2d2π1
∫
2d2π2 e
−i(k1+k2)µyµ−i(π1+π2)αθαei∆f˜(k1, π1)g˜(k2, π2),(45)
from which we can find explicit form of the Moyal-Weyl star product. The parameter transfor-
mation
k1 =
k
2
+ k′, k2 =
k
2
− k′,
π1 =
π
2
+ π′, π2 =
π
2
− π′, (46)
gives Jacobian = 1 and
f˜ ⋆ g(0) =
∫
d4k′√
(2π)4
∫
2d2π′ f˜(k′, π′)g˜(−k′,−π′). (47)
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By taking k = 0, the extra phase factor vanish, and we find∫
d4yd2θ f(y, θ) ⋆ g(y, θ) =
∫
d4yd2θ f(y, θ)g(y, θ). (48)
So, free part of the theory is not deformed by the star product.
Next, let us check the associativity f(y, θ) ⋆ (g(y, θ) ⋆ h(y, θ)) = (f(y, θ) ⋆ g(y, θ)) ⋆ h(y, θ).
Fourier transformation of the chiral superfields are
f(y, θ) =
∫
d4k√
(2π)4
∫
2d2π e−ik·y−iπ·θf˜(k, π),
g(y, θ) =
∫
d4p√
(2π)4
∫
2d2ρ e−ip·y−iρ·θg˜(p, ρ),
h(y, θ) =
∫
d4q√
(2π)4
∫
2d2σ e−iq·y−iσ·θh˜(q, σ). (49)
It is enough to check
e−ik·y−iπ·θ ⋆
(
e−ip·y−iρ·θ ⋆ e−iq·y−iσ·θ
)
=
(
e−ik·y−iπ·θ ⋆ e−ip·y−iρ·θ
)
⋆ e−iq·y−iσ·θ. (50)
Calculation is straightforward by the use of BCH formula,
LHS = e−i(k+p+q)·y−i(π+ρ+σ)·θe
i
2
λµα[kµ(ρ+σ)α−(p+q)µπα+pµσα−qµρα], (51)
RHS = e−i(k+p+q)·y−i(π+ρ+σ)·θe
i
2
λµα[kµρα−pµπα+(k+p)µσα−qµ(π+ρ)α]. (52)
It is obvious that LHS = RHS.
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